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COMMENT 

On spontaneous pair creation 

Pawel G h i c k i ? ,  Lech Mankiewiczf and Robert Zembowiczf 
t Institute for Theoretical Physics, Polish Academy of Sciences, Lotnik6w 32/46, 02-668 
Warsaw, Poland 
$ N Copemicus Astronomical Center, Polish Academy of Sciences, Bartycka 18, 00-716 
Warsaw, Poland 

Received 8 July 1987 

Abstract. It is shown that the gap separating the positive and negative energy states of the 
Dirac electron in the inhomogeneous, time-independent magnetic field does not shrink 
when the field gets stronger. 

Recent interest in superconducting cosmic strings ( S C S )  (Witten 1985) has brought up 
the question of the stability of QED vacuum in the presence of a very strong 
inhomogeneous magnetic field. 

The scs arise in some specific spontaneously broken gauge theories. They have a 
thickness of cm and are of infinite length or form loops of arbitrary size. They 
can behave as superconducting wires carrying electric currents (e.g., lo2' A) and thus 
produce a strong inhomogeneous magnetic field in their vicinity. 

It was claimed that the spontaneous creation of e+e- may take place in such a field 
due to the closing of the energy gap which separates the positive and negative energy 
states of the Dirac electron. For the free electron the width of the gap is equal to 
2mc2.  On the other hand, in the presence of the electric Coulomb potential this gap 
shrinks and in the case of critical field (corresponding to the point-like charge equal 
to 137e) it closes (Greiner et a1 1985). This mechanism gives rise to spontaneous 
creation of a e+e- pair. However, in the presence of an arbitrary strong homogeneous 
and static magnetic field this does not occur (Itzykson and Zuber 1980). 

The following heuristic argument shows that the energy gap width does not shrink 
even if the magnetic field is inhomogeneous. Consider the Hamiltonian ( h  = c = 1) 

fi = &(i - eA( r ) )  + p*m (1) 

which describes the Dirac electron in the static but otherwise arbitrary magnetic field 
H (  r) = rot A (  r) .  

The eigenenergy problem is defined by the equation 

fi$E(r) = E $ E ( r )  ( 2 )  

[ & ( i - e ~ ( r ) ) + p * m ] $ , ( r )  = E$E(r) .  ( 2 a )  

e2$E(r) = E*$E(r) (3) 

or explicitly 

The states $ E  also satisfy 
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with the squared Hamiltonian equal to 

A’= [ & ( p ^ -  e A ( r ) ) ] ’ +  m’. (4) 

The mixed terms proportional to m vanish because the matrices p* and & anticommute. 
Now (3) may be rewritten 

[ Q ; ( p ^ - e A ( r ) ) 1 2 $ E ( r )  = ( E 2 -  m’ ) ILd r ) .  (5) 

As the operator [&( p̂  - eA( r ) ) ] ’  is a square of the self-adjoint operator & ( p ^  - e A ( r ) )  
it has only non-negative eigenvalues. Thus for every +E 

E ’ - ~ ~ s o  ( 6 )  

or equivalently 

l E 1 3 m  ( 6 a )  

which completes the proof. 
The Dirac electron in an  inhomogeneous magnetic field was considered by Stanciu 

(1967) and  then by Achuthan et al (1979). The latter authors suggest that for the field 
configuration H = H sech’(ay)e, the energy gap shrinks and for certain values of the 
parameters it closes, indicating the effect of spontaneous pair creation, thus contradict- 
ing the above general argument. 

If it were true, it would suggest the logical possibility of a similar effect in the 
magnetic field of the scs (as initially claimed by Amsterdamski and O’Connor (1987)). 
The aim of this comment is to note explicitly that the analysis of Achuthan et a1 (1979) 
is incomplete. The energy gap does not shrink to zero. Indeed, as is shown in rhe 
appendix, I E I S  mc2. 

Our numerical study of the Dirac electron in the field of a superconducting cosmic 
string leads to the same conclusion: 1 E 12 mc2,  excluding the possibility of spontaneous 
e’e- creation (at least in this way). 

We would like to thank Professor Iwo Bialynicki-Birula and  Professor Marek 
Demianski for useful discussions. Numerical analysis of the Dirac equation was 
performed on an  IBM/ PC-XT compatible computer on loan from Princeton University. 
This work was supported by the Polish Ministry of Education under research pro- 
grammes CPBP-01.03 and CPBP-01.11. 

The Dirac equation for an  inhomogeneous magnetic field 

H ( y )  = H sech’(ajj)e, a>O H > O  

is ( h = c = m = l )  

+ W e  use the same conventions as Stanciu (1967) and Achuthan et al (1979). More details can be found 
in those works. 
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The solutions of this equation were found by Stanciu (1967) and the eigenenergies are 
given by 

e 2 H Z p f ,  
( e H  - u2N)' 

E 5 = 1 + p:. + p s  + 2 NeH - U ' N 2  - 

where 

N = n +;+is 

for electrons and 

N=n+'- ' s  ' 2  

for positrons, and the quantum number n must satisfy the relationship (Stanciu 1967) 

o s n s [ / a  - 1 6 p x / a 2  j ' I 2  -1 2s - 1 2 (A5a) 

for electrons and 

O S  n s 5 / u  - I 5 p x / u 2  11'2+fs - f 
for positrons, or equivalently (s  = i 1) 

1 i: S N S 6 / ~  - 1 5 p x / a 2  1''' (A5c) 

where 5 = e H / u .  If (A5) is not satisfied, there are no bound states? for such n. 

function f( p x ,  5, N u )  such that 
First we show that this solution has the required property E:> 1. We define the 

E S = l + p ; + f ( p , , [ ,  NU) (Ab) 

f ( p , ,  6, N u )  may be rewritten 

Of course, Nu 3 0. From condition (A5c) we obtain Nu - 5 c - 1  5pX 1"' S 0 and we 
can establish the sign of the second term in (A8): 

Nu - 25 c Nu - 5 S - 1 6px 1 1'2 s 0. ('49) 

From (A5c) we can also conclude ( 1  p x  I zs ( 6  - Nu)' and since OS 6 -  1 5px 1 1 ' 2  then 
I py 1s 6 and the last term in (A8) has the correct sign: 

p i  - (5 - NU)' s 6 I p x  1 - ( 6  -  NU)^ s 0. 

E :  3 1 i p s  2 1. ( A l l )  

p , = k > O  e H - a ' - k  (A121 

(A10) 

Thus we obtain f( p x ,  6, N u )  3 0 and due to (A6) this results in 

Achuthan et a1 (1979) suggest that for scaling 

there is a solution E ?  = 0 for N = 1. 

t We do not discuss the scattering states as they were not the source of confusion. 
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If we express the bound state condition (A5c) using scaling (A12) we obtain (with 

(A131 

N = l )  

aeHk d ( e H  - a2)* = k2 

k 2  + k ( e H ) ’  - ( e ~ ) ~  2 0. 

or, substituting a from (A12), 

( ~ 1 4 )  

Note that not all combinations of k and eH satisfy this inequality. 
If we put ES=O then equation (A3) for scaling (A12) has a formal solution 

eH = ${ 1 + [5 +4(k + k ’ + p : ) ]  ”*}. (‘415) 

Now the question is whether solution (A15) is consistent with condition (A14). 
Substituting (A15) into (A14) one can get the answer: 

2k3+ k 2  +pf(2k - 3 )  - 4  3 (2 + k 2 + p I ) [  1 + 4 (  1 + k + k * + p i ) ]  ’’* (A16) 

or  

0 3  1 +4k + 1 l k * +  8 k 3  + 5k4+pi(3 + b k  + 12k2+4k3 + k4) + p : ( 3  +4k+2k2)  + p t .  
(‘417) 

The R H S  of (A17) is evidently greater than zero. Solution (A15) has no physical 
meaning. 
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